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On Confoeal Bicircular Quartics. 

Bt F. Franklin. 



1. Coordinates. Throughout this paper the letters x, y will be understood 
to mean "circular coordinates," viz. 

x = X+iY=re i& , y=X—iY=re~ i », (1) 

X, Y being rectangular coordinates, and r, 3 polar coordinates. A third variable 
z will, wherever convenient, be introduced for homogeneity, and then the defini- 
tion of as and y will be understood to be modified so as to be given by 

x:y:z = X+iY:X— iY:l. (2) 

The points (x, z), (y, z) are the circular points I, /; the point (x, y) is the 
origin. It should be observed that a rotation of the axes X, Y through an 
angle a is equivalent to changing 

x, y into e u x, e~ ia y. (3) 

2. The axes of four coney die points. It will be desirable to obtain a formula 
relating to four concyclic points before taking up the consideration of bicircular 
quartics. If (x u y^), (x. 2 , y 2 ), (x s , y s ), (x±, y^ be four points on a circle, the 
equality of the anharmonic ratios of the pencils through them from / and J 
respectively may be expressed by the equations 

(«! — Xo)(x 3 — X t ) _ (X X — X 3 )(X Z — 3? 4 ) _ (X X — X t )(x z — X 3 ) ^ 

Now the value of the first fraction is the clinant* of the pair of lines 12, 34; 
and likewise for the other fractions. In other words, if we denote by & AB the angle 
made with the axis of X by the line AB, the common value of the fractions is 
the value of ^»(*is + »««) == ^H»i 3 +^ i ) _- e 2i(d 14 + »2 3 ) - 

See this Journal, XII, 162. 
42 
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Or, what is the same thing, if a be the inclination (i. e. angle with axis of X) 
of an axis of the four points (i. e. of a line parallel to either bisector of any one 
of the pairs of lines (12, 34), (13, 24), (14, 23)), and if we denote e 2ia by A, the 
common value of the fractions is A 2 . 

Suppose, now, that the four points are given by the equations 

Ax i + iBxh + 6Cxh* + iDxz 3 + E* = 0, (5) 

A'y i + 4&jfz + 6 C'tfz* + ADyz 3 + Ez i = ; (6) 

the value of A 2 may be obtained as follows. Let 

8 = AE — 4BD + SG 2 , T—AGE + 2BGD — AD 2 — EB 2 — G 3 , 

8' = A'E' — Affjy + 3 G'\ T< = A' C'E' + 2B' CD — A'D* — E'B' % — G' % ; 

then, since 8/ A 2 is a homogeneous quadratic function and T/A 3 a homogeneous 
cubic function of the numerators of the fractions in (4), and since 8 /A'* and 
T J A'" are the like functions of the denominators, it follows that 

A'*S A'* T 

AF8 = ^ ' ' A 3 T' = ^ ' ' 

whence A 2 is unambiguously determined. Since the pencils are homographic, 
we may suppose 8=8', T= T'; then 

A - A ' 

It follows that when the axis of X is taken parallel to an axis of the four points, 
we have, in addition to 8 = 8' and T= T 1 , A = A'. 

3. Confocal bicircular quartics. The general equation of a bicircular quartic 
may be written 

Jcx 2 y 2 + 2xyz (he + my) + z 2 (ax 2 + 2hxy + by 2 ) + 2z 3 (gx +/y) + cz i = 0. (7) 

The system of tangents to this curve from the node (x , z) is found, on writing 
the equation in the form 

(hx 2 + 2mxz + bz 2 ) y 2 + 2 (lx 2 + hxz +fz 2 ) yz '+ (ax 2 + 2gxz + cz 2 ) a 2 = 0, 

to be 

(ah — V)x i +2 (am + gh — hi) xh + (ab — h z + ch — 2/1 + 4 gm) x 2 z 2 

+ 2 (bg + cm — fh) xz 3 + (5c — f) s 4 = , (8) 
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and likewise the system of tangents from the node (y , z) is 

(bJc — m 2 ) ?/ 4 + 2 (bl +fk — Jim) tfz + (ab — 7* 2 + cJc — 2gm + 4/7) ?/V 

+ 2(af+cl — gh)y* + (ac-g*)tf=0. (9) 
These two pencils are known to be homographic ; in point of fact, it is found on 
trial that the invariants of the quartics (8) and (9) are absolutely equal ; and 
hence the 16 ordinary foci of the curve lie by fours on four circles. 

To consider, now, a system of confocal bicircular quartics. The foci may 
be supposed to be given by the equations 

(A, B, G, D, E\x, *)* = 0, (A', B>, C, D, E'\y , *)«=<>, (10) 

and these quartics will be supposed so written that S' = 8, T' = T. Then the 
conditions to which the 9 coefficients of the curve are subjected are obtained by 
equating the 10 coefficients in (8) and (9) to the 10 coefficients in (10), each mul- 
tiplied by a common multiplier a,; this gives, on the face of it, 10 equations 
homogeneous in 10 quantities. But since the coefficients in (8) and (9) satisfy 
identically the relations S' = S, T = T, the number of effective equations is 
reduced to 8 ; hence there remains an arbitrary parameter ; and therefore 
through any point in the plane there pass a finite number of curves belonging 
to the system. 

How many curves pass through a given point may be determined by con- 
sidering the curves through the origin, since no restriction has been made on the 
choice of origin. Putting, then, c = and comparing (8) and (9) with (10), we 
have f\g^—E\W. (11) 

But gx+fy = is the tangent at the origin, and//<jr is its clinant ; hence there 
are at most two directions* in which the curve may pass through the origin ; and 
since the two values of fig are negatives of each other, these two directions are 
mutually perpendicular. 

If we write equation (11) in the form 

A ' g* - El A' ' 

its full geometrical significance becomes evident. Viz. it is plain that 

E ^_ E _ x x XiX$Xn 

~a a ' ~" yii/myi ' 

s The above does not rigorously prove that there actually are two curves through every point, since 
it has not been shown that both values of f/g are admissible ; it does prove that there are at most two 
curves through every point. The equation of the confocal system, which is obtained in the next article, 
of course determines the matter completely. 
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is the clinant of the system of rays drawn from the origin to the four foci ; and 
it has been shown in art. 2 that A'/ A is the square of the clinant of either axis 
of the four foci ; hence equation (11) signifies that the angle made with an axis of 
four concyclic foci of a bicircular quartic by the tangent to the quartic at any point 
is equal to half the sum of the angles made with the same axis by the four focal radii 
of the point* 

4. Equation of the Gonfocal System. The foci being given, as before, by 
equations (10), we may, without loss of geometrical generality, suppose A' = A 
as well as S' = S and T = T, viz. this is equivalent (art. 3, end) to taking the 
axes of coordinates parallel to the axes of four concyclic foci. By a proper 
choice of origin we may effect a further simplification of the problem. Viz. the 
substitution of x-\-az for x and y + (3z for y does not disturb the equalities 
already established ; and it enables us to make O — and E' = E. The five 
relations thus secured may be written as follows : 

A = A\ G—G\ E = E>, BD = B'iy, A{B 3 — B'*) + E{B> — B'*) = 0. 

The fourth of these equations will be satisfied if we put B' = pB and D = pD ; 
or, slightly altering the notation, if we write instead of B, B, B', D' respectively 
B, pD, pB, B; and then the last equation becomes (1 — p*)(AB 2 — EB*) = 0. 
Thus the equations determining the foci become 

Ax i + 4Bx 3 z + 6 CasV + 4pBxz 3 + Ez i =0, (12) 

Aif + 4pB%fz + 6 GyY + 4Dyz 3 +Ez i =0, (13) 

with the relation among the coefficients 

(1 — p 2 )(AZ) 2 — E&) = . (14) 

It will be supposed throughout that neither A nor E vanishes ; the vanishing of 
E would mean that the origin was a focus, the vanishing of A that one of the foci 
was at infinity. 

We next observe that if p = ± 1 , or if B and B both vanish, four foci lie in 
a straight line, viz. it is obvious that four points satisfying equations (12) and 
(13) will in these cases lie either on x = y or on x = — y. This is a special case 
which we shall at first exclude. 

*See " Note on the Double Periodicity of the Elliptic Functions," this Journal, XI, 285. 
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To find the equation of the confocal system, then, we have to subject the 
general equation of a bicircular quartic 

7cx 2 y 2 + 2xyz (Ix + niy) + 2 a {as? + 2lixy + by z ) + 2z 3 {gx -\-fy) + cs 4 = 
to the conditions 

(A) (B) (O) 

ah — tf =JA, am + gk — hl = 2B%, ab — h 2 +ck— 2/1 +4grn=6Ch, 
bh—m 2 — A%, bl + /Jc — hm = 2pB%, ab — h 2 + c7c—2gm + ifl=60%, 

(D) (E) 

bg + cm —fh = 2p B% , be —f — E% , 
a/+ cl—gh z=i2B% , ac — g 2 = EX, 



1(15) 



where it is to be remembered that either p 2 = 1 or AB 2 = .B'.B 2 . 

5. The general case : p 2 =fz 1 , 5 awe? i? notf 6o<A . Since AB 3, = EB 2 , and since 
A =£ and $=£: 0, neither of the quantities 5, Z) can vanish without the other; 
therefore neither of them vanishes. From equations (C) we get, by subtraction, 

fl—gm; i 

then from equations (B) and (E) 

af - bg 2 = XE(b-a)= 2W (/- pg) ; ii 
from equations (A) and (B) 

am 2 — 5? 2 = %A (b — a) = 2%B (m — pZ) ; iii 

from equations (A) I 2 — m 2 = (a — b) h ; iv 

from equations (E) f 2 — g 2 = (a — 6)e; v 
and from equations (B) and (B) 

a/m — &#Z = 2%B (/ — p#) = 2%B (m — pi) . vi 

We note that a^f=b; for if 6 — a were 0, equations iv and v would give 
p — m 2 = and/ 2 — </* = 0, while equations ii and iii would give / — pg= 
and m — pl = 0; whence, since p 2 ^ 1, /, g, I, m must all vanish; but this is 
impossible, since equations (B) and (D) would then give B= 0, B — 0. 
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Since b — a^=0, it follows from ii and iii that / — pg zf= and m — pi =f= ; 

but, from i, / _ 9 ^_ f—p9 _JLh • 

m ~ I - m — pi' --B~ b ? Y1 > 

so that . D D 7 

/=^-m, g=-g-L vii 

By iii, , 25 

17 o — a — —j- (in — pi) , vm 

2D 2D 2 

while ii would give b — a = -w- (/ — p#), —'WR{ m — p?) hy vii; and this is 

consistent with viii because AD* = EB*. Equations iv and v (in combination 
with vii and viii) give 

^A_ m*—l z _ E rr? — l % 
k — 2B'm — pV G — 2B' m-pl' 1X 



From equations (J5) we get 



T D 7 . bl — gam 
B m — pi 



while equations D would give h = -jr c + . " , which is the same as the 

. . E . £> 3 . , g I ' 

value in x because c = ^- k = -~ « and -^- = — . 

A B' f m 

Equations vii, viii, ix and x, together with the equation 

A (ab — h? + ck +fl + gm) = ZC(ak — l % + bk — m 2 ), xi 

[obtained from (A) and (0}] represent all of the given equations, the determi- 
nation of X being left out of account. Equations vii and ix express/, g, c, k in 
terms of I and m; it only remains, therefore, to determine a, b and h so as to 
satisfy viii, x and xi. Since a — b = (P — <m?)/k by iv, we may put 



a = T +t, b=~ r + t, 

(where it should be noticed that t =£= 0, otherwise either of equations (A) would 
give A = 0) and then x gives 

D Im l—pm 

h — -5- k + -j- + t - — L - 7 • 
is ' & m — pi 
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Hence 

(m — ply 

.(^n^M-P) _ D l =m l_ w & _ D 

I k(m — pi) B m — pZj W B 

Also 

Am 2 I 2 D 2 D 

^ == '2B ' <m ? ' c ^ = "gs"^> f I + gin = 2 -r>- l<m , and ah — l 2 = bh — rn 2 =tk. 

Making these substitutions, xi becomes 

J (l_p*)(m* — V) 2B . , _ AD (l—om)(rn»-P))_3AC m 2 -P 4 

At Y (m- 9 iy +x(™+P*)-ir ! ( m - P iy l—v—j^pi''- 

Rejecting the factor t, this equation gives 

(m — pl) 2 (SO m 2 — l 2 , AD (l — 9 m)(m 2 —P) 25 . , n \ 
*-(l-p 3 )K-P)t B 'm — pl + B 2 ' (m- 9 Tf X (m + ^ j r 

Also 

P__2B m — 9 l (to — pZ) 2 2B (1 — p 2 ) Z a 

h ~ A * m 9 — ?- 1 ~ (l — 9 2 )(m 2 — P)' A ' m — 9 l ' 

Hence 

__ (to — pZ) 2 f 3(7 nf-^l AD {l — 9 m)(m 2 — f) 2B m 2 — l 2 } 
(1 - P 2 )(to 2 - Z 2 )t B ' m — pZ + B 2 ' (m — pl) 2 ~ ~A ' "^T^ZJ 

or ( 1 — p 2 ) AB 2 a — (SAB O — 2B 3 )(m — pi) — A 2 D (pm — I) ; 

and likewise 

(1 — p 2 ) AB?b = (SAB — 2p 2 B s )(m — pi) — A 2 D (pm — I) . 

It conduces to simplicity to express everything in terms of the new parame- 
ters a and 3 defined by 

m — 9 l=(l — 9 *)Ba, pm — l=(l—p 2 )B3- 
whence l = B(pa — 3), m = B(a — p3). 

Then the above equations become 

ABa = (3 ABC— 2B S ) a — A 2 D3, 
ABb = (SAB G — 2plB 3 ) a — A 2 D3 ; 
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equations vii and ix become 

f=D(a—p{3), g = D(pa — (3), h= -^-. ^ , c=-y. a ^ ', 
and equation x gives 

h = ^L_ {A*D(a? + /3 2 ) — QABCaP + 4pB s a?\. 

Hence, multiplying each of these values by 2ABa, and substituting in the equa- 
tion 

ka?y* + 2xyz (Ix + my) -f- z 2 (ax 2 + 2hxy + by 2 ) + 2s 3 (gx +fy) + ca 4 = , 

we find the equation of the required curves to be 

a?y>{ A 2 Bo? — A 2 B(3* \ 

+ 2x % yz { 2p ABta? — 2AB*a0 } 

+ 2xyh { 2AB i a? — 2pAB*a(3 \ 

+ xV\(SABC— 4B 3 )a % — 2A*Da{] } 

+ 2xyz*\( A*D + 4pB 3 )a z — 6ABCa(3 + A*Dp* } (16) 

+ yV{(&ABC— 4p*B 3 )a*— 2A 2 Da(3 \ 

+ 2xz 3 { 2pABDo?— 2ABDa(3 \ 

+ 2yz*{ 2ABDa? — 2pABDa(3 } 

+ 2 4 j ^AEa 2 ' — ABE(3*\ = 0. 

Let us call this 

a?U-2apV+P*W~0; (17) 

then C and W are particular curves of the system (being obtained by putting 
aor/3 = 0), but V is not. The equation being quadratic in a:B, there pass 
through every point in the plane two curves of the system. 

In virtue of the relation ALP = EB*, W is a perfect square ; viz. 



W: 



z=-A*B(xy--^*), (18) 

and represents a circle with its centre at the origin, counted twice. And since 
it is obvious on inspection (bearing in mind that AB % = EB % ) that the relation 

xy = -rfZ* converts the ^-equation for the foci into the a;-equation (equation (12) 

into equation (13)), this circle is a circle through four foci. Hence each of the 
four focal circles, counted twice, is a curve of the system. 

If we put a = ± 8 (and only so) the term in y?y % disappears, and z becomes 
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a factor of the equation, so that we have as a limiting case of the quartics a cir- 
cular cubic together with the line at infinity. But at the same time the term in 
z 4 disappears ; hence the cubic passes through the origin, which has just been 
seen to be the centre of a focal circle. The terms of lowest degree in x and y 
are (dropping a constant factor) 

and the terms of highest degree are 

xy (« T y) • 

Hence, there are two circular cubics confocal with the system of quartics ; these 
cut each other orthogonally at the centre of each of the four focal circles ; and 
the tangent to either cubic at each of these centres is parallel to the asymptote* 
of that cubic : the tangent and asymptote being in fact parallel to an axis of the 
foci. 

6. The case of four collinear foci. If four foci are in a straight line, we may 
take this line as axis of JT, and the centre of gravity of the four foci as origin ; 
then the equations of the /-tangents and the J~-tangents are identical : so that in 
equations (15) [end of art. 4] p = 1 and B = 0. Supposing D =jf= 0, and noting 
that in obtaining equations i-vi of art. 5 the relation AD 3, = EB* (which does not 
hold in the case now under consideration) was not made use of, we see from iii 
that a = 6; then from ii, /= g; and then from i, l=m. Hence the equations 
(15) for determining the curve reduce to 

ah — f = A%, (a — h)l + fh=0, a 2 — W + ch + 2fl — 6 051, ) (ig) 

(a — h)f+cl=2Dh, ac—f — E%.r ' 

Eliminating h by means of the second of these equations, the other four become 

ah — V 1 = A% , i 

ac — / 2 = E% , ii 

— kf + cP= 2Dl%, iii 

— Wf — 2afM + cW + 2/Z 3 = 6 01^ . iv 

iii may be written h (ac — f % ) — c (ah — f) = 2Dl9i, or 

Ac = m—2Dl; v 

iv may be written h (—hf + cZ 2 ) — 2/Z (ah — V) = 6 01^, or 

Af=Dh — 3Cl; vi 

*I. e. the asymptote other than the tangents at J and J; the real asymptote if the curve is real. 
43 
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and i, ii, iii obviously give also 

Af — Etf=. — 2Dla. vii 

Equations v and vi give c and/ in terms of h and ?; substituting for/, equation 

vii becomes 

2ADla = — ZW + 6 ODM + (AE — 9 G 2 ) P ; viii 

and finally the second of equations (19) gives for k 

2ADlh = 2ADla + 2ADfk = EW + {AE— 9 G 2 ) P. is 

Hence the equation of the required curves, which (since a = b, f— g, l—ni) was 
hxY + 21 (a? + 2/) scya + [a (a 2 + «/ 2 ) + 2&cy] z 2 + 2/(» + ^) a 8 4- cz 4 = 

is found to be 

x 2 y 2 \ 2 ADM } 

+ 2(x+y)xyz{ 2ADP\ 

+ (x* + f)z 2 { — D*tf + 6 CD*? + (A0 — 9G 3 )pj , v 

+ 2x2/a 2 -J X> 2 7c 2 + (AE— 9 0*)P\ 

+ 2(x+y)z s \ 2D 2 U —6 GDP} 

+ a 4 { 2ZJMZ — 4Z> 2 P}=0, 

or 
— A; 2 i> 2 (» — yf a 2 + 2MD { Ax*y 2 4- 3 G (x a + f) # +2D(x + y) z 3 + Ez A } 

+ l*{4AD(x + y)xyz + (AE—9O*){x+yfz i —12CD(x+y)z i —4 : I? i z i \=0. (21) 



7. Solution of the differential equation dxj^/ Ax A + 4i?x 3 + 6 6V + 4Zte + E 
4- dy\s/ Aif+ 4By 3 + 6 G?/ 2 + 4% + .# — 0. In virtue of the property of the 
tangent to a bicircular quartic contained in the theorem at the end of art. 3, the 
equation of the system of confocal bicircular quartics whose foci are given by 

Ax A + 4#c 3 + 6 Gx 2 4- 4Dx + E=0, Ay 4 + 4% 3 + 6 Gy 2 + 4% + -# = 
is the solution of the differential equation 



dx/VAx i +4 : £x 3 +QCx 2 +4Dx+E+dy/VA.y i + 4;Bi/+6Gy*+4Dy+E=0. (22) 

In the foregoing article we have obtained the equation of the system when the 
origin is so chosen that B = 0; so that the equation 



dx'/s/Ax"+ 6 C'x'*+ AD'x'+E + dy> j VAy'*+ 6 Of+ 4D'y>+ E' = (23) 
has for its solution, by (21), 

— WD> 2 (a/ — yj + 2ED' { Ax<\f + 3 O (x" + if) 4- 2D (x 1 + y') + W \ 
+ I s \ AAD (x'+y 1 ) riy' + (AE- 9 G /2 )(x' + y'f— 1 2 G'D 1 {x> + «/) — 4Z>' 2 } = , (24) 
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or say — 7c 2 5' 2 (x' — y'f + 2hW'P + l 2 Q=0. (25) 

To obtain the solution, then, of (22) we have to transform (25) [which is 
only an abbreviated expression of (24)] by the substitution 

d = x + -^-, y' = y+^-, (26) 

expressing the result throughout in terms of the coefficients A .... E. We shall 

write 

v! = Ax 1 * + 6 Ox 1 ' + Wx< + E = Ax i + 45a; 3 + 6 Cx* + 4J)x + E=u, 

v' = Ay 1 ' + 6 Of + AD'y' + E — Ay* + 45«/ 3 + 6 Of + 4Dy + E—v. 
In the first place, then, x' — y' = x — y . Secondly 

2P=u' + v' — A (a/ 2 — y'J 

=.u< + v' — A \x' — y'fix 1 + y'f 

/ 5 \ 2 

= u +v — A (x — yf[x + 2/+2 -j- j 

= w +v — A (a? — ff — 45 (a; 3 + y 3 ) + 4B(x + y)xy — 4 — r (x — yf 

xi 

so that 
P=^£cy+25(£c + «/)a;y+3C(a; 2 +2/ 2 ) + 2Z>(a; + 2/) + ^— 2*(x — yf. (27) 

5 2 

It will, then, obviously be advantageous to put JcD = a — 2 -^ Z, a being a new 

XL 

arbitrary constant; whereupon equation (24) becomes 
-a*(x-yT+2al[P+2^(x-yf] + P[Q-4^P-4^ r (x-yr]. (28) 

To transform Q it is convenient to observe that 

<j> , = 2 (xt 3 5 — 3x15(7 + 25 3 ) x 3 + (xt 2 5 + 2x155 — 9 A C* + 65 2 (7) ar 5 

+ 2 {ABE — SAOD + 251D) x + EB z — AB\ 

is an as-covariant of (J., B, O, D, E\x, l) 4 , i. e. a function which remains unaltered 
by the transformation x = x l + (i; and the like expression in y will be denoted 
by •i'- For the quartic (A, 0, (7', 5', JFJa/, l) 4 , $ becomes 

A l2AD'x' 3 + {xll?' — 9 C" 2 ) a' 2 — 6 O'D'x 1 — 5' 2 ] ; 
so that we have 

A % Q = 2A (# + 4,) — xt 2 (AE>—90'*)(x ! —y'f+4A 3 D'(x>+ y') a'?/— 4xt 3 5' (x>°+ y' s ) 

= 2 J. (4> + 4) — xl 2 (a/ — 2/) 2 [4x15' (x> + y ) + AW — 9 <7' 2 ] 

= 2A (4> + 4-) — xl 2 (a; — yf [4x15' (x + y) + AE> — 9 C' 2 + 8 ££'] 

= 2x1 lp + 4) — (a; — y) 2 [4x1 (A*D — ZAB O + 25 3 )(a; + y) 

+ xt 2 (15 — 455 + 3 (7 2 ) — 1 2 (A 0— By 

+ 85 (xt 2 5 — SABO + 25 3 )] . (28) 
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Substituting for $ and 4 1 their values, and for P the value found in equation 
(27), we have 

Q — ^^-P — 4 -^r (a> — yf= — 4B»aV + (442) — \2BG)(x + y) xy 

+ (AE— 9 C 2 )(x + yf + 852% + {ABE— 12GD)(x + y)— 42> 2 , 

so that the solution of (25) is 

— a 2 (as — yf 

+ 2a? [Axy+2B(x + y)xy + 3C(x* + f) + 2D(x + y) + E] 

+ Z 2 [— 43»aV + (4AZ) — 1 25 G)(x + y)xy + (AE — 9 C*)(x + yf 

+ 82*2% + (ABE — 1 2 GD)(x + y) — 42> 2 ] = . (29) 
[Of. Cayley, Elliptic Functions, p. 339.] 

8. Case of four eollinear foci symmetrically situated in respect to their centre 
of gravity ; solution of the differential equation when B and D both vanish. In art. 6, 
where the origin was taken so that B = , it was expressly assumed that D was 
not also 0; and the equation there found [eq. (21), end of art. 6] ceases to rep- 
resent a system of curves when in it we put D — 0. It is, however, easy to 
write (21) in such a form that it shall continue to involve an arbitrary constant 
when D = ; it is also easy to investigate this case independently ; but since we 
have just extended the solution in (21) so as to cover the general case (viz. that 
in which B is not supposed 0), it will be simplest to obtain the solution for the 
case B — , D = , from the solution for the general case, which is given by 
equation (29). We thus obtain, for the system of bicircular quartics whose foci 
are given by 

Ax A + 6Gx* + E=Q, Atf+QGy^ + E—O, (30) 

the equation 

— a 2 (x — yf+ 2al [Ax 2 y 2 + 3 O (x 2 + y 2 ) + E] + V (AE— 9 G 2 )(x + yf=Q. (31 ) 



Putting WAE — 9 G 2 = l', a/VAE — 9 G % — a', this may be otherwise written 

— a'*(AE— $C % )(x — y) 2 +2a'l l [Ax 2 y i + ZG(x 2 +y 2 ) + E]-\- V (x + yf— 0. (31') 
When AE — 9<7 2 = 0, equation (31) may evidently be written 

\_Axy + 3tf + fi(x- y)][Axy + 3<7- p(as — y)] =0, (32) 

a pair of circles each passing through the two double foci given by x = y, 
Axy + 3(7 = 0; and equation (31') may be written 

[Axy-3G + [i'(x + y)]lAxy-3G-[i>(x + y)-] = Q, (32') 
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a pair of circles through the two double foci given by x = — y , Axy — 3 G = , 
and orthogonal to the preceding pair. 

Equation (31) or (31') is the solution of the differential equation 



dx/VAx* + 6 Oc 2 + E + dy/VAy* + 6 Gtf + E — ; 

and in the particular case when AE — 9C 2 = 0, the .two differential equations 
ai'ising from this, viz. 

dx/(Ax 2 + 3 G) — dy\{Aif + 3 G) = , t&c/^lx 2 + 3 G) + dy\{Af + 3 G) = , 
have for their solution, by (32) and (32'), 

Axy + 3G = i*(x — y), Axy — 30 = ft' (x + y), 
respectively. 



9. On the solution of the differential equation dx/^ax 11 + 4bx 3 -\- 6cas 3 + 4dx + e 
= Mdy/Vay* + 46?/ 3 + 6c^ 2 + 4% -\- e, the quartics being tomographic, and M 
being a certain constant. Consider, first, the equation 



dxjVAx i -\-ABx 3 + 6<7« 2 + 4oDx + E 
= dy/VAy* + AoBf + 6 (fy 2 + 4% + J?. [AD 2 = #5 2 ] (33) 

This defines a curve in which the inclination of the tangent is half the inclina- 
tion of the system of rays drawn from its point of contact to a system of four 
concyclic points determined by 

(A,B, G,oD,E\x, 1) 4 =0, (A, 9 B,C,D,Ely,iy=0. (34) 

Hence the solution of (33) is the equation of the system of bicircular quartics 
whose foci are given by (34); so that this solution is furnished by equation (16), 
p. 330, z being therein replaced by 1. 

Next, consider the more general equation 



dx/Vax* + 4&x 3 + 6 ex 2 + 4dx + e 
= dy/Vay+ 4b'y 3 + 6cfy* + 4d'y + e'. [£' = S, T = T] (35) 

It defines a curve such that the square of the clinant of the tangent at any point 
is equal to the clinant of the system of rays drawn from the point to a system 
of four concyclic points determined by 

(a, b, c, d, e\x, 1) 4 = 0, (a', V, d, d', <%, l) 4 = 0, (36) 

multiplied by a' /a. But, by art. 2, a' /a is the square of the clinant of an axis 
of these four points ; hence, with respect to an axis of the four points, the inclina- 
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tion of the tangent is half the inclination of the system of rays drawn from its 
point of contact to the four points. The curve defined by (35) is therefore a 
bicircular quartic belonging to the confocal system whose foci are given by (36). 
By rotating the axes and moving the origin, i. e. by the transformation 

x = e i "{x 1 + a), y = e- i »(y 1 + P), (37) 

equations (36) may be transformed (as shown at the beginning of art. 4) into 
equations (34); hence the equation of the confocal system just mentioned is 
given by (16), the x, y, z being replaced by .%, y x , 1. This result, converted 
from an expression in A, . . . . , E, p, x lt y x , into an expression in 

would furnish the solution of (35). 
Finally, if, in the equation 



dx/Vax* + 4bx 3 + 6cx 2 + Ux + e = Mdy/Va'y^ 4b' f + §dtf + 4d'y -f ef, 

the quartics are homographic, but it is not true that S' = S, T' = T, we may 
multiply the second quartic by q, when its invariants will become S" = q'S', 
T" = q 3 T'; and we may choose q so that 

tfS' = S, q 3 T' - T, 

S'T 
whence q = -am • The equation now becomes 

cfoc/Vax 4 + 4bx 3 + 6cx 2 + 4dx + e 
= Ms/^dy/Va'Y + Wtf + 6c'y + 4d"y + e", [S" - S, T" = T] 

I'sW 

a", b", .... being written for qa', qV, .... Now, if M= y -app> ^ s equa- 
tion becomes 

dx/Vax* + 4&x 3 + 6cx 2 -f- 4dx + e 
— dyl^a"y i + 4b"y 3 + Qcf'y* + 4d"y + e". [/$"' = S, T" = T] 

Thus the solution of the equation 



. 1ST' 

dx/Vax^ 4bx 3 + 6cx 2 + 4dx + e=\ ^ r j,dy/Va'y i +4by+ 6 C y + 4d'y+(f, (38) 

the quartics being homographic, is at once reduced to that of equation (35). 



